Abstract. The existence of weak solutions is obtained for some Kirchhoff type equations with Neumann boundary conditions by using the G-linking theorem in the critical point theory.
. Introduction and main results
We consider the following Neumann boundary problem of Kirchhoff type equations: 
where R N .N D 1; 2; 3/ is a smooth bounded domain and n./ denotes the outward unit normal on @. Also, a 0, b > 0, q 0 are real constants, f W x R ! R is a Caratheodory function and there exists c 1 > 0 such that jf .x; t /j c 1 .1 C jt j p 1 /
for some 4 < p < 2 , where 2 D 6 if N D 3 and 2 D C1 if N D 1; 2. It is well known that problem ( ) is related to the stationary analogue of the equation @u
proposed by Kirchhoff [ ] in . The parameters in ( ) have the following meanings: is the mass density, P 0 is the initial tension, h is the area of the crosssection, E is the Young modulus of the material, and L is the length of the string. Some early classical studies of Kirchhoff stays between k and kC1 allowing for resonance with kC1 , where F .x; t / D R t 0 f .x; s/ds and ¹ k º is a eigenvalues sequence for a nonlinear Kirchhoff type problem. Moreover, many solvability conditions with f near zero and infinity for problem ( ) with Dirichlet boundary conditions are considered, for example, the asymptotically linear case, see [ , ] ; the superlinear case, see [ , ] ; and oscillating behavior, see [ ]. In addition, Agarwal et al. [ ] studied a class of nonlocal eigenvalue problems and obtained a multiplicity result by using Morse theory. Zhang and Liu [ ] proved the existence of multiple nontrivial solutions for a critical degenerate Kirchhoff type problem by using the concentration-compactness principle together with an abstract critical point theorem. On the other hand, there are also many interesting results for problem ( ) with Neumann boundary conditions, see [ , , , ] and the references therein. However, the results are little less in comparison to Dirichlet boundary conditions, one of the reasons is the lack of knowledge of the spectrum for the following Kirchhoff type eigenvalue problem:
Motivated by the above observations, in this paper we will construct an monotone sequence of nonnegative variational eigenvalues ¹ m º for problem ( ) (see Section for details) and hence we can prove the following main theorems. 
. Preliminaries
Throughout the paper we will use the notation X D H 1 ./. And, for any u; v 2 X, the norm k k and inner product h; i in X, given by Definition . . Let Q be a submanifold of a Banach space E with relative boundary @Q, S be a closed subset of a Banach space F and G be a subset of C 0 .@Q; F n S /. We say S and @Q are G-linking if for any map h 2 C 0 .Q; F / such that hj @Q 2 G there holds h.Q/ \ S ¤ ;. Now let us recall the G-linking theorem that plays such an important role in the proof of main results. Next, we will construct an monotone sequence of nonnegative variational eigenvalues ¹ m º for problem ( ). Firstly, let
Lemma . (G-linking theorem [ ]
Define
and
such that h is odd, continuous and surjectiveº;
where S m 1 is the unit sphere in R m .
Lemma . . Letˆj X 1 denote the restrictions ofˆon X 1 . If Proof. Obviously, m is an eigenvalue of
if and only if m D m 1 is an eigenvalue of ( ), where 2 R is a parameter. So, we only need to show that the eigenvalues and eigenfunctions of ( ) correspond to the critical values and critical points ofˆj X 1 .
We now claim thatˆj X 1 satisfies the P-S condition. Indeed, let ¹u n º X 1 such thatˆj
as n ! 1. Duo toˇ.x/ ˇ0 > 0, it follows that R jru n j 2 dx < 1 and R u 2 n dx < 1 for all n 2 N, which means that
That is, ¹u n º is a bounded sequence in X 1 . Without loss of generality we assume that there exists u 2 X 1 such that
u n * u weakly in X 1 ;
By means of Proposition . in [ ], one has
From this and ( ), we can find a sequence ¹ı n º R such that
Hence, by ‰.u n / D 1 and the boundedness of ku n k, one has
From ( ) and ( ) we know that ¹ı n º is bounded in R, that is, there exists C 0 > 0 such that jı n j < C 0 . Hence, we have by ( ), ( ) and ( )
In addition, it follows from ( ) and ( ) thať
(17) Thus from ( ) and ( ) we get hˆ0.u n /; u n ui ! 0 as n ! 1:
(18) Besides, it follows from ( ), ( ), and Hölder's inequality thať
Thus from ( ) and ( ) one has
From this, we obtain
or Z ru n r.u n u/dx ! 0 as n ! 1.
In both cases, we all have ku n k ! kuk as n ! 1. In fact, if ( ) is true, then
By ( ) and ( ), one gets
On the other hand, if ( ) is true, theň
In addition, from ( ), we have
From ( ) and ( ), we get R jruj 2 dx D 0, which implies that ( ) is also true when ( ) is true. Note that
Hence, in either case, we all have
So, from the uniform convexity of X we get u n ! u strongly in X 1 , that is,ˆj X 1 satisfies the P-S condition. Next, by the same argument as in the proof of Lemma in [ ], we know that m is an eigenvalue of ( ). The first part of Lemma . is done.
Now we begin to prove the properties (i) and (ii). Firstly, assume that .u; / 2 H 1 ./ R is a weak solution of ( ), then
Hence, if ' D 1 in ( ), then we get 
which implies that u has to change sign. Next, we prove the property (ii). Let ¹.u n ; n /º be an arbitrary sequence of eigenpairs of . / such that n ! for some 0. Without loss of generality, we may assume ku n k D 1 and u n * ' in X. Let B Dˆ0 and T D ‰ 0 , then we have
as n ! 1. On the other hand, from the Cauchy's inequality, we have
Therefore, from ( ) and ( ), we get hBu n B'; u n 'i D hBu n ; u n i hBu n ; 'i hB'; u n i C hB'; 'i 1 2
It follows from ( ) and ( ) that
as n ! 1. From ( ) and the assumption ofˇ, as n ! 1, one gets
which implies ku n k ! k'k as n ! 1. So, by the uniform convexity of X, we get
as n ! 1, that is, u n ! ' in X. Besides, for any v 2 X, by Hölder's inequality, one haš Z ˇ.
x/u ! 0 as n ! 1.
It follows from ( ) that
x/' 3 vdx as n ! 1.
Similarly, we also get
From ( ) and u n ! ' in X, we get
as n ! 1. Therefore, we have
as n ! 1. Hence, is an eigenvalue of ( ) and ' is an eigenfunction, that is, the set of eigenvalues of ( ) is closed. Now we assume that 1 isn't isolated. By the above proof, we can find a sequence of eigenpair ¹.u n ; n /º such that u n ! u in X and n ! 1 as n ! 1, where u is an eigenfunction corresponding to 1 . Without loss of generality, assume that ku n k D kuk D 1, u > 0 in and n 2 .0; / for some > 0.
C n D n n : We claim that there exists ı > 0 such that j n j ı for any n. Let
It follows from Theorem C.
From this one gets
Further, we also have
where the last inequality used that j n j 1. In fact, if j n j > 1, then the claim is clearly true. Besides, by ( ), we obtain
Then, from ( ), ( ) and N u n 6 0, we conclude that there exists ı > 0 such that j n j ı for any n. This completes the proof of the claim.
For any " > 0, let " D ¹x 2 W u.x/ > "º. From the fact that u > 0, we can find " satisfying
By Egoroff's theorem, there exists E " such that
and u n converges uniformly to u on E. Thus there exists n " , such that if n n " , then
which implies E C n "
. A direct calculation yields j n " j < ı=2. This is a contradiction to j n j ı for any n. Hence, 1 is isolated. This completes the proof of Lemma . .
. Proof of main results
In this section, we will prove theorems . and . by using the G-linking theorem. In addition, we denote by c and c i various positive constants which may vary from line to line.
Proof of Theorem . . By the condition ( ), it is well known that seeking weak solutions of ( ) is equivalent to seek critical points of functional
Below we divide our proof in two steps.
S
. Under the conditions ( ) and .f 2 /, ' satisfies the Cerami condition. Let ¹u n º X be such that '.u n / ! c and .
First we claim that ¹u n º is bounded in X. In fact, by ( ) and .f 2 /, there exists c 2 > 0 such that f .x; t /t 4F .x; t / C t 2 c 2 (48) for all t 2 R and x 2 . Thus by ( ) and ( ) we have
Note that 0 < < q, then ( ) implies ¹u n º is bounded in X, that is, there exits M > 0 such that ku n k M for all n 2 N. Without loss of generality, we may assume that´u n * u weakly in X;
From ( ), ( ), and ( ), one haš
Besides, by Hölder's inequality, we also havě Z u n .u n u/dxˇ C 2 ku n kku n uk 2 ! 0 as n ! 1.
On the other hand, by the boundedness of ¹u n º in X and ( ), one haš
Then, by ( ), ( ), and ( ), we get
as n ! 1. From a > 0 we have
Hence, by ( ), as the proof of ( ), we also obtain
Further, we have ku n k ! kuk as n ! 1, and hence u n ! u in X. That is, ' satisfies the Cerami condition.
S .
We prove the existence of weak solution. In fact, by ( ) and the first inequality of .f 1 /, there exists 0 < " 1 < . mC1 m /=kˇk 1 such that, for some c > 0,
for all t 2 R and x 2 . In addition, by the definition of m D m 1 in ( ), there exists F 0 2 F m such that
By ( ) and ( ), for all u 2 F 0 and t > 0, we have
It follows from ( ) and " 1 b > 0 that
as t ! C1 uniformly for u 2 F 0 . As in [ ], let us define
for all t 2 R and x 2 . From .f 2 /, for any M > 0, there exists c M > 0, such that
for all x 2 and jt j > c M . Thus from ( ) we get
In addition, by the right inequality of .f 1 /, we have lim sup
G.x; t / 0 for all x 2 :
Letting T ! 1 in the expression ( ), we find
Similarly, we also find
Then, by the arbitrariness of M , one gets
That is to say, there exists c > 0 such that G.x; t / < c for all t 2 R and x 2 :
then C kC1 is a symmetric cone. Thus, for any u 2 C kC1 , we have
It follows from ( ) and ( ) that there exists 0 > 0 large enough such that
In order to apply the G-linking theorem (see Lemma . ), let
where S m 1 is the boundary of the unit ball B m in R m .
We claim that C mC1 and S m 1 are G-linking. In fact, the proof of the claim can be found in [ ], here we omit it. Besides, from ( ), the compactness of B m and the proof of Step , we know that the rest of the conditions of the G-linking theorem is also satisfied. Hence, it is follows from the G-linking theorem that Theorem . is true.
Proof of Theorem . . For simplicity, let
Obviously, ' 0 is equal to ' with a 2 C q 2 D 0, where ' is defined in ( ). Then, by ( ), the critical points of ' 0 are exactly weak solutions of problems ( ) with a 2 C q 2 D 0. And, it is easy to see that the proof is the same as the proof of Theorem . with a 2 C q 2 D 0 and D 0 except for the Cerami condition. Therefore we need only to prove that ' 0 satisfies the Cerami condition. Let ¹u n º X be a Cerami sequence of ' 0 , that is,
as n ! 1. Now we assume ¹u n º is unbounded in X, that is, ku n k ! 1 as n ! 1. Then, for n large enough, by ( ) one gets
By ( ) and the right inequality of .f 1 /, for given " 2 > 0, there exists c 3 > 0 such that
for all t 2 R and x 2 . Hence, by Hölder inequality, one has for n large enough,
where c 4 is a positive constant. Besides, let v n D u n ku n k , then kv n k D 1. Thus, there exist a subsequence, still denoted by ¹v n º and some v 2 X, such that
Hence, dividing ( ) by bku n k 4 and letting n ! 1, one gets
Let 0 D ¹x 2 W v.x/ D 0º, it follows from ( ) that j n 0 j > 0. In fact, if not, then v.x/ D 0 a.e. x 2 , which implies the right side of ( ) is equal to zero. This is clearly a contradiction. Hence, by the definition of v n and ( ), one gets u n .x/ ! 1 a.e. x 2 n 0 .
Then, it follows from .f
as n ! 1, this conflicts with ( ). Thus ¹u n º is bounded in X.
In the following, we prove that ¹u n º has a converging subsequence in X. In fact, it is easy to see that ( ) with a 2 C q 2 D 0 is still true. So, we still have
as n ! 1. Hence, from ( ) and using the same argument as ( )-( ), we also have ku n k ! kuk as n ! 1, which implies that ¹u n º is convergent in X, that is, ' 0 satisfies the Cerami condition. 
